Abstract. Let X be a projective Frobenius split variety over an algebraically closed field with splitting θ : F * OX → OX . In this paper we give a sharp bound on the number of subvarieties of X compatibly split by θ. In particular, suppose L is a sufficiently ample line bundle on X (for example, if L induces a projectively normal embedding) with n = dim H 0 (X, L ). We show that the number of d-dimensional irreducible subvarieties of X that are compatibly split by θ is less than or equal to`n d+1´. This generalizes a well known result on the number of closed points compatibly split by a fixed splitting θ. Similarly, we give a bound on the number of prime F -ideals of an F -finite F -pure local ring.
Introduction
In this paper, we give a sharp bound on the size of a collection of prime ideals whose corresponding subschemes satisfy certain strong transversality conditions. Such collections appear naturally in several contexts in both commutative algebra and algebraic geometry. We will focus on the following three instances, which are all quite closely related (see [Sch08] and [Sch09] ):
• The ideals of compatibly split subvarieties which appear in the study of Frobenius split varieties. See, for example, [MR85] and [BK05] .
• The ideals of log canonical centers of a log canonical pair (X, ∆) which appear in the minimal model program and its applications. See, for example, [Kaw97] , [Fuj01] and [Amb03] .
• The prime annihilators of F -stable submodules of H dim R m (R), when (R, m) is an F -finite F -pure local ring, form a subset of such a collection. These objects have been studied in several contexts, including tight closure theory. See, for example, [Smi95] , [EH08] , [Sha07] and [HS77] .
Our main technical result, which we apply to each of the three contexts above, is the following:
2000 Mathematics Subject Classification. 13A35, 14B05, 14J17. The first author was partially supported as an NSF postdoc. The second author was partially supported by the NSF under grant DMS-0502170. The above numerical bound also holds for certain collections of ideals whose elements are not necessarily prime. This generalization allows us to reduce to the case where R is a complete regular local ring.
For projective varieties in positive characteristic, the existence of a Frobenius splitting has strong geometric and cohomological implications. This observation has been particularly useful in answering numerous questions arising in representation theory, [BK05] . Compatibly split subvarieties form a key part of this theory. Recently, there have been several results on the finiteness of compatibly
Frobenius split subvarieties; see [Sch09, Theorem 5 .8] and [KM09] . We use Theorem 4.2 to prove the following result which gives a sharp bound on the number of compatibly split subvarieties:
Theorem 5.4. Suppose that X is a projective variety over an F -finite field k of characteristic p > 0. Further, suppose that L is an ample line bundle on X with associated section ring S = Note that, if k is an algebraically closed field and L is a very ample line bundle which induces a projectively normal embedding, then n = dim H 0 (X, L ); see Remark 5.5. This result also generalizes a well known bound on the number of closed points compatibly split by a fixed Frobenius splitting. Specifically, in the notation of Theorem 5.4, suppose that Y is the reduced scheme corresponding to a union of θ-compatibly split closed points in X.
is surjective by [BK05, Theorem 1.2.8 (ii)], there can be at most dim H 0 (X, L ) distinct points in Y . For any ample line bundle L on X with n = dim H 0 (X, L ), it would be interesting to know if the number of θ-compatibly split subvarieties of dimension d is at most n d+1 . Next, recall that an F -ideal of a local ring (R, m, k) of positive characteristic is an annihilator of an F -stable submodule of H dim R m (R). From the point of view of tight closure theory, F -stable submodules of H dim R m (R) and their annihilators are natural objects of study; see [Smi95] . For example, if R is normal, local and Gorenstein, then the largest proper F -stable submodule of
is the (finitistic) tight closure of 0, and its annihilator is the test ideal of R. There have been several recent papers studying when the set of F -ideals is finite; see for example [Sha07] and [EH08] . We use Theorem 4.2 to deduce the following partial generalization of these recent results: Since every F -ideal in an F -pure ring can be written as an intersection of prime F -ideals, this can also be used to give a bound on the number of arbitrary F -ideals.
Finally, we have the following result in characteristic zero (which also follows from Theorem 4.2):
Theorem 6.11. Suppose that (X, ∆) is a log canonical pair and that x ∈ X is a point with embedding dimension n. Then the number of d-dimensional log canonical centers of (X, ∆) which contain x is less than or equal to
Similar techniques can be used to bound the number of log canonical centers of a log Calabi-Yau pair (X, ∆); see Remark 6.12.
We should also mention that, in all of the situations we consider, the given bounds are sharp. In particular, some variant of Example 3.3 can occur in each of these contexts.
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Pseudo-prime systems of ideals
All rings in this paper will be assumed to be commutative with unity, Noetherian, and excellent.
All schemes will be assumed to be Noetherian and separated. By a variety over a field k, we mean a separated integral scheme of finite type over Spec k.
Let R be a local ring, and Q a proper ideal of R. Recall that the dimension or coheight of Q is simply the dimension of the local ring R/Q. We say Q is equidimensional if all of the minimal primes of R/Q have the same dimension.
Note that if a prime ideal of an excellent local ring R is extended to the completionR, it may no longer be prime. It is because of this issue, and the fact that we complete in the proof of our main technical result, Theorem 4.2, that we now introduce the notion of a pseudo-prime system of ideals.
These should be thought of as a generalization of a set of prime ideals, and are meant to capture properties of collections of prime ideals which are preserved under completion; see Proposition 2.4.
Definition 2.1. Let R be a local ring, and Q a set of ideals in R. We say that Q is a pseudo-prime system if the following two conditions hold:
(1) Every Q ∈ Q is proper, radical, and equidimensional.
(2) If Q 1 , Q 2 ∈ Q and some minimal prime of Q 1 is contained in a minimal prime of Q 2 , then
We shall denote by e(R, Q, d) the number of ideals in Q of dimension d.
Remark 2.2. If Q is a pseudo-prime system, then any subset of Q is also a pseudo-prime system.
Further, it follows from (2) that distinct elements of Q cannot have a minimal prime in common.
Note that any set of prime ideals is a pseudo-prime system. Example 2.3 (Behavior of dimension in chains of Q). Suppose Q is a pseudo-prime system, and Q 1 Q 2 . . . Q r is a chain of ideals in Q. Condition (2) guarantees that the dimension of Q i+1 is strictly less than the dimension of Q i . Indeed, suppose that dim(Q i+1 ) = dim(Q i ) for some i.
Let P i+1 be a minimal prime of Q i+1 . Since Q i ⊂ P i+1 , there exists a minimal prime P i of Q i with
From (2), we see that Q i+1 = Q i , which is a contradiction.
We now address the stability of pseudo-prime systems under various algebraic operations. Again, note that part (i.) is the essential point which will allow us to reduce to the case of a complete ring in the proof of our main theorem. (ii.) If P is a prime ideal in R, then the set of ideals QR P := { QR P | Q ∈ Q and Q ⊆ P } of R P is a pseudo-prime system, and the map Q → QR P gives a bijection between { Q ∈ Q | Q ⊆ P } and QR P . In particular, if p is the dimension of P , we have that e(R P 
Proof. (i.)
Recall that the completion of a reduced equidimensional excellent local ring remains reduced and equidimensional. See, for example, 7.8.3 (vii) and (x) in [Gro65] . Thus, applying this fact to R/Q for Q ∈ Q, we see that QR satisfies (1). To verify (2), suppose that Q i ∈ Q and P i is a minimal prime of Q iR for i = 1, 2. If P 1 ⊆ P 2 , then we have P 1 ∩ R ⊆ P 2 ∩ R. But P i ∩ R is necessarily a minimal prime of Q i for i = 1, 2. Thus, it follows that Q 1 ⊆ Q 2 , whence Q 1R ⊆ Q 2R .
Finally, since R →R is faithfully flat, we have IR ∩ R = I for any ideal I in R. Thus, the map QR → QR ∩ R is an inverse to the map Q → QR between Q and QR.
(ii.) Set φ : R → R P to be the canonical map. Without loss of generality, we may assume Q ⊆ P for all Q ∈ Q. It follows immediately that QR P is a proper radical ideal in R P . Since R is excellent, it is catenary, and it follows that QR P is equidimensional. Thus, QR P satisfies (1). To verify (2), suppose that Q i ∈ Q and P i is a minimal prime of Q i R P for i = 1, 2. If P 1 ⊆ P 2 , then we have φ −1 (P 1 ) ⊆ φ −1 (P 2 ). But φ −1 (P i ) is necessarily a minimal prime of Q i for i = 1, 2. Thus,
1 R P and Q ′ 2 R P certainly have a minimal prime in common, and the previous argument implies that Q ′ 1 = Q ′ 2 . Thus, the assignment Q → QR P gives an injective, and hence also bijective, map between Q and QR P .
(iii.) and (iv.) Proofs of these statements follow easily from applications of the correspondence theorem, and are left for the reader to produce.
An intersection condition
We now state an intersection condition for pseudo-prime systems. We suggest the reader first think about this definition in the case that Q is simply a collection of prime ideals.
Definition 3.1. Let (R, m, k) be a local ring of dimension n, and let Q be a pseudo-prime system in R. We say Q is an intersection compatible system (or simply a compatible system) if for all finite subsets α 1 , . . . , α r of Q, there exists a finite subset β of Q with
In other words, the set of ideals
Remark 3.2. The above condition can also be phrased geometrically in the following way. The ideals in Q correspond to reduced equidimensional subschemes of the affine scheme Spec(R). The collection Q is intersection compatible if the set of finite unions of these subschemes is closed under scheme-theoretic intersection.
] is the ring of formal power series over k with variables x 1 , . . . , x n , the collection Q of prime ideals generated by subsets of the variables is intersection compatible. Note that, in this example, there are precisely
, then the collection { x, y , x , y , x + y } is not intersection compatible. Although this set of primes is closed under pairwise sum, we have that
is not even reduced.
Example 3.5 (Chains of prime ideals). If Q 1 Q 2 . . . Q r is a chain of prime ideals in a local ring R, then one can easily verify that Q = {Q 1 , . . . , Q s } is an intersection compatible system. In particular, it is easy to construct examples where the subschemes corresponding to the ideals in Q have arbitrarily singular components. Proof. If T is any R-algebra and I 1 , I 2 are ideals in R, we always have I 1 T + I 2 T = (I 1 + I 2 )T . In addition, when T is flat over R, we have I 1 T ∩ I 2 T = (I 1 ∩ I 2 )T . SinceR and R P are flat over R, it follows immediately that QR and QR P are intersection compatible.
Similarly, if I 1 , I 2 are ideals in R, and φ : S → R is any morphism, we always have
In addition, when φ is surjective, we have φ −1 (I 1 ) + φ −1 (I 2 ) = φ −1 (I 1 + I 2 ).
It follows that φ −1 (Q) is intersection compatible.
Finally, if I 1 , I 2 are ideals in R containing an ideal I, then I 1 /I + I 2 /I = (I 1 + I 2 )/I and (I 1 /I) ∩ (I 2 /I) = (I 1 ∩ I 2 )/I. Thus, Q/I is intersection compatible as well.
The main technical result
We first need the following elementary result.
Lemma 4.1. Suppose (R, m, k) is a local ring, and I 1 , I 2 are two ideals in R such that
Proof. Consider the diagonal mapping
Using that I 1 + I 2 = m, it is easy to check that this map is surjective. Indeed, suppose e 1 , e 2 ∈ m.
We can write
where a 1 , a 2 ∈ I 1 and b 1 , b 2 ∈ I 2 . Then we have δ(a 2 + b 1 ) = (b 1 + I 1 , a 2 + I 2 ) = (e 1 + I 1 , e 2 + I 2 ).
Thus, δ is surjective. Since the kernel of δ is manifestly equal to I 1 ∩ I 2 , we have an induced
Thus, it follows that
2 and the conclusion now follows since
We now prove our main result. 
Let Q be an intersection compatible system in an excellent local ring (R, m, k) with embedding dimension n = dim k (m/m 2 ) such that e(R, Q, d) > n d . IfR denotes the m-adic completion of R, it follows from the structure theory of complete local rings that there is a surjective morphism φ : S →R where S is a complete regular local ring of dimension n. See, for example, Theorem 7.16 in [Eis95] . By Propositions 2.4 and 3.6, we have that QR and φ −1 (QR) are again compatible systems, and e(R, Q, d) = e(R, QR, d) = e(S, φ −1 (QR), d). Replacing R by S and Q by φ −1 (QR), we may assume that R is a complete regular local ring of dimension n.
Suppose first that m ∈ Q, and consider Q∈Q Q. Since R is Noetherian, there exist Q 1 , . . . , Q r ∈ Q with Q∈Q Q = r i=1 Q i . As Q is intersection compatible, there is some Z ∈ Q with r i=1 Q i ⊆ Z. Thus, we have Z ∈ Q and Q ⊆ Z for all Q ∈ Q. Since m ∈ Q, we have z := dim Z ≥ 1. Let P Z be a minimal prime of Z. By Proposition 2.4, we have e(R, Q, d) = e(R P Z , QR P Z , d − z). Since QR P Z is compatible by Proposition 3.6, it follows from the minimality of (d, n) that
which is a contradiction. Note that we have used the fact that R is regular to control the embedding dimension of R P Z .
Thus, we may assume that m ∈ Q. Since m is the only prime ideal of dimension zero in R, it
follows that e(R, Q, 0) = n 0 = 1, so we must have d ≥ 1. Thus, the collection Q \ {m} is nonempty and must have a maximal element Y , as R is Noetherian. In other words, we have m = Y ∈ Q and { Q ∈ Q | Y ⊆ Q } = {Y, m}. Set y := dim Y ≥ 1, and let P Y be a minimal prime of Y . Let P = { Q ∈ Q | Q ⊆ P Y }. By Propositions 2.4 and 3.6, we have e(R,
and QR P Y is compatible. By the minimality of (d, n), it follows that e(R,
Again, we have used that R is regular to control the embedding dimension of R P Y . Hence, we must have Since I ⊆ Y ⊆ P Y , there is a minimal prime P of I with P ⊆ P Y . From the definition of I, it follows that there is some Q i having P as a minimal prime. Since Q is a pseudo-prime system, we conclude that Q i ⊆ Y . But this is absurd, since Y ⊆ P Y and Q i was chosen so that
Corollary 4.3. If Q is an intersection compatible system in an excellent regular local ring R of dimension n, then Q is finite and there are at most 2 n ideals in Q.
Compatibly split subvarieties and F -ideals
We begin with some notation. Throughout this section, we will assume that all rings and all schemes lie over a field of characteristic p > 0. If X is a scheme, we let F e : X → X denote the e-iterated Frobenius map. For any ring R and any R-module M , we define F e * M in accordance with the geometric notation for quasicoherent sheaves on Spec(R). In other words, F e * M denotes the R-module which is equal to M as an additive group, but has the R-module structure r · x = r p e x induced by the e-iterated Frobenius.
Definition 5.1. We say that a ring is F -finite if F 1 * R is finite as an R-module.
Definition 5.2. [MR85] We say that a scheme X is F -split if there is a O X -module splitting θ : Proposition 5.3. Suppose that (R, m, k) is an F -finite local ring of embedding dimension n = dim k (m/m 2 ), and θ : F e * R → R is a fixed surjective R-linear map. Then there are at most
Proof. It is straightforward to see that the set of such ideals is an intersection compatible system.
Since F -finite rings are excellent [Kun76] , the conclusion follows from Theorem 4.2.
Theorem 5.4. Suppose that X is a projective variety over a F -finite field k of characteristic p > 0. Further, suppose that L is an ample line bundle on X with associated section ring S = Proof. Note that θ induces a splitting It easily verified that θ S (F e * I Z ) ⊆ I Z . Thus, we can then localize at S + , the irrelevant ideal of S, and apply Proposition 5.3.
Remark 5.5. If X is a projective variety over a field k and L is any ample line bundle, there is a positive integer m such that the section ring S = ⊕ n≥0 H 0 (X, (L m ) n ) is generated in degree one over the field S 0 = H 0 (X, O X ) ⊇ k. In this situation, we have that S + /(S + ) 2 is isomorphic to H 0 (X, L m ) as a vector space over S 0 . Thus, the embedding dimension n of S at the irrelevant ideal S + equals the dimension of H 0 (X, L m ) over S 0 . Furthermore, when X is normal and k is algebraically closed, a very ample line bundle M induces a projectively normal embedding if and only if the associated section ring is generated in degree one over S 0 = k. In this case, n is equal
Remark 5.6. The referee has pointed out that this result might be used to prove that certain collections of subvarieties of a given projective variety cannot be simultaneously compatibly split (due to purely numerical considerations).
Remark 5.7. The first author has also recently introduced the notion of "centers of sharp F -purity," a characteristic p > 0 analog of "log canonical centers." We will not define centers of sharp Fpurity here. However, it follows from Proposition 5.3 that if (R, ∆, a • ) is a sharply F -pure triple (see [Sch08] ) where R is a local ring of embedding dimension n, then there are at most
We conclude this section with an application to annihilators of F -stable submodules of H d m (R) and F -stable submodules of E R (the injective hull of k).
Definition 5.8. [Smi95] Suppose that M is an R-module. A Frobenius action on M is an Rlinear map ρ : M → F e * M . We say N ⊆ M is F -stable (with respect to the Frobenius action
(R) and we are given the canonical Frobenius action
, then an F -ideal of R is the annihilator of any F -stable submodule of M .
Suppose that (R, m, k) is a complete F -finite local ring, and let E R be the injective hull of k.
Then Matlis duality induces a bijection between the R-linear maps θ : F e * R → R and Frobenius actions ρ : E R → F e * E R . In particular, Spec R is F -split if and only if there exists an injective Frobenius action on E R . For a fixed Frobenius action ρ on E R corresponding to θ : F e * R → R, the F -stable submodules of E R (with respect to ρ) are in bijection with the ideals I ⊆ R such that θ(F e * I) ⊆ I. We assume the following notation for the remainder of the section.
Notation 6.1. Let X be a normal variety defined over an algebraically closed field of characteristic zero. Suppose that ∆ is an effective Q-divisor on X such that K X +∆ is Q-Cartier. We assume that π : X → X is a log resolution of the pair (X, ∆) (see [KM98, Notation 0.4] or [Laz04a, Theorem 4.1.3] for a definition of log resolutions) and that π * K e X = K X . Write (6.1.1)
where the E i are prime divisors on X. Note that the E i that appear on the right side are all exceptional except for those that correspond to components of the strict transform of ∆.
Definition 6.2. A pair (X, ∆) is said to be log canonical if for some (equivalently any) log resolution π as in Notation 6.1, we have that the a i that appear in Equation 6.1.1 all satisfy a i ≥ −1.
Definition 6.3.
[Kaw97] A reduced irreducible subscheme Z ⊆ X is said to be a log canonical center of (X, ∆) if there exists a log resolution π : X → X and a divisor E i on X (as in Notation 6.1) such that π(E i ) = Z and such that the associated a i ≤ −1.
Remark 6.4. A log canonical center is sometimes also called a "center of log canonicity."
We will also need some results about seminormality.
Definition 6.5. [Swa80] [GT80] Suppose that R is a reduced excellent ring and that S ⊇ R is a reduced R-algebra which is finite as an R-module. We say that the extension i : R ⊆ S is subintegral if the following two conditions are satisfied.
(1) i induces a bijection on spectra, Spec S → Spec R.
(2) i induces an isomorphism of residue fields over every (not necessarily closed) point of Spec R.
Remark 6.6. In [GT80] , subintegral extensions are called quasi-isomorphisms.
Definition 6.7.
[Swa80] [GT80] Suppose that R is a reduced excellent ring. We say that R is seminormal if every subintegral extension R ⊆ S is an isomorphism.
Remark 6.8. In [GT80] , the authors call R seminormal if there is no proper subintegral extension S ⊇ R such that S is contained in the integral closure of R (in its total field of fractions). However, it follows from [Swa80, Corollary 3.4] that the above definition is equivalent.
We next recall some facts about the log canonical centers of a log canonical pair.
Theorem 6.9. [Amb98] , [Fuj09, Theorem 3 .46], [Amb06] Suppose that (X, ∆) is log canonical.
Then:
(a) The number of log canonical centers of (X, ∆) is finite.
(b) Any intersection of two log canonical centers is a union of log canonical centers.
(c) Any union of log canonical centers is seminormal.
Remark 6.12. Suppose that X is a normal projective variety over an algebraically closed field and that (X, ∆) is a log Calabi-Yau pair (that is, ∆ is an effective Q-divisor, (X, ∆) is log canonical and K X + ∆ is Q-linearly equivalent to 0). For a very ample line bundle L corresponding to a projectively normal embedding, we construct the associated section ring S = ⊕ i≥0 H 0 (X, 
